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Partitioned Matrices

A Partitioned Matrix is a partitioned matrix is a division of a matrix
into smaller rectangular matrices called submatrices or blocks.

1 -3 0 4 2 -4
A=|-1 10 5 -2 0 3
5 6 2 4 5 -7

5 6|2 4 5 -7



Example

5 -2 0 3
2 4 -5 7
: . A1l AIZ]

with submatrices
[A21 A2

An=1[1 3] Ap=[0 4 2 —4]

-1 10 5 -2 0 3
-5 6 2 4 -5 -7

A21:[



Can Partition a Matrix in Various Ways

(1 3 0 4 2 4]
A=|-1 10 5 -2 0 3
| 5 6 2 4 5 -7 |
(1 -3 0[4 2[-4]
A=|-1 10 5/-2 03
| 5 6 2|4 5|7

Ann A A
A2 Ax A

with submatrices [

A1122><3 A1222><2 A13Z2X1
A21:1X3 A22:1><2 A23:].><1



Notation We typically use capital letters to represent each block

or submatrix with subscripts indicating its location

1 3 0[4 2|-4
A=|-1 10 5|2 03
5 6 2|4 -5|-7

|:A11 A1z A13]
A1 A A



Partitioning Helps Us See Structure of a Matrix
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Operations with Partitioned Matrices
Scalar Multiplication and Addition

If matrices are the same size and are partitioned in precisely the
same way, then we can multiply by scalars and add matrices in the
same way as with ordinary matrices, except each block of A+ B is

a matrix sum.

Al A A13] [511 B> 513]
If A= and B = :
[A21 A Aoz By1 By B

then for any scalars ¢ and d we have

A+ B— [CAll +dB11 cAx +dBix cAiz + dBB}

cAo1 + dBo1 cAxp + dBxy  cAxz + dBx3



Operations with Partitioned Matrices
Partitioned Matrix Multiplication

If the dimensions of matrices A and B match the required
operation such that (m x n)(n x p) = (m x p), then we say the
partitions of A and B are conformable for block multiplication.

If A=

|

AB =

An
A‘Zl
| Az
Bll
By
[ An
An
Az

Then

Bl2
Bs
Ars
Ap

] , then
Biz ]
Az

[ By
By By

2x2

3x2

[ AuBu + A1pBy
A9 By + A9 By

A1 By + Ay Bay
A1 Big + A9 By

| As1Bu1 + A3By A3 Biz + A3 Ba

3x2



Partitioning can be immensely helpful in the sense that we can now
perform powers and operations with similar block matrices.

For example, suppose the matrices below are partitioned for block
multiplication.

Pl K]

The Product is

[uAy+m—C) mBy+mm}::{ A B]
AA)+1(=C) A(B)+1(0)] ~ |A2—C AB

A2 - C AB

I xA4+0x(-C
AxA+Ix(-C) AxB+1x0

) IxB+Ox0}:{ A B]



Column — Row Expansion of AB

If Aisan m x nand B is n x p, then

row (B)
rows(B)

AB = [columni(A) columny(A) ...column,(A)]
row,(B)
= columny (A)row; (B)+columnz(A)rows(B)+: - -4-column,(A)row,(B)

where columny is the kth column of A
and row(B) is the kth row of B



Operations with Partitioned Matrices
Block Diagonal Matrices and Their Inverses

A partitioned matrix A is block diagonal if the matrices on the
main diagonal are square and all other position matrices are zero.

Dy 0 ... O
0 Dy, ... O
A=1 . . .
0 0 .. Dy
Each of D1, D, ..., Dy is a square matrix but they can be of

different sizes.
The matrix A is invertible if and only if every D; is invertible.
Dyt o .. 0
a0 Dyt o0

0 0 .. D



Example of Inverse of Partitioned Matrix

1 -1/0 010
1 2|0 0|0
A=1|0 0[5 4|0
0 01 110
0 0[0 0]2
2/3 1/3]0 0] 0
-1/3 2/3|0 0| O
Al = 0 0 |1 -4 0
0 0 |-1 5|0
0 0|0 0]1/2
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