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▶ Characteristic Equation

▶ Notes on Assignment 23





Eigenvalues and Eigenvectors

Definition: An eigenvector of an n × n matrix A is a nonzero
vector x such that Ax = λx for some scalar λ.

A scalar λ is called an eigenvalue of A if there is a nontrivial
solution x of Ax = λx ; such an x is called an eigenvector

corresponding to λ.



Suppose λ is an eigenvalue of an n × n matrix A with an
associated eigenvector x. Suppose c is a constant. Then

A (cx) = cAx = cλx = λcx

Thus any nonzero scalar multiple of an eigenvector is an
eigenvector with the same eigenvalue.

If x and y are two eigenvectors associated with the same
eigenvalue λ of A, then A(x+ y) = Ax+Ay = λx+ λy = λ(x+ y)
so x+ y is also an eigenvector associated with the same eigenvalue

λ

The set of eigenvectors of A associated with eigenvalue λ is
closed under scalar multiplication and vector addition.

Conclusion: S is a subspace of Rn.



Suppose λ is an eigenvalue of an n × n matrix A with an
associated eigenvector x. Suppose c is a constant. Then

A (cx) = cAx = cλx = λcx

Thus any nonzero scalar multiple of an eigenvector is an
eigenvector with the same eigenvalue.

If x and y are two eigenvectors associated with the same
eigenvalue λ of A, then A(x+ y) = Ax+Ay = λx+ λy = λ(x+ y)
so x+ y is also an eigenvector associated with the same eigenvalue

λ

The set of eigenvectors of A associated with eigenvalue λ is
closed under scalar multiplication and vector addition.

Conclusion: S is a subspace of Rn.



The collection of eigenvectors of A associated with
eigenvalue λ is closed under scalar multiplication and vector

addition.

Let S be the zero vector and all the eigenvectors of A associated
with eigenvalue λ

Then S is a subspace of Rn.

The dimension of S is called the geometric multiplicity of λ.

Given that λ is an eigenvalue for a matrix A, we can find an
eigenvector by solving the homogenous system of linear equations

(A− λI )x = 0 for a nonzero x.

S is the set of solutions of the system (A− λI )x = 0

S is called the eigenspace of λ.



How do find the eigenvalues of A?
If a nonzero solution to the equation (A− λI )x = 0 exists, then

A− λI must be an non-invertible matrix.
So det(A− λI ) = 0
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How do find the eigenvalues of A?
If a nonzero solution to the equation (A− λI )x = 0 exists, then
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Theorem 2: If v1, . . . , vr are eigenvectors that correspond to
distinct eigenvalues λ1, . . . , λr of an n × n matrix A, then the set

{v1, . . . , vr} is linearly independent.



A scalar λ is an eigenvalue of a square matrix A if and only if λ
satisfies the characteristic equation det(A – λI) = 0.

For an n× n matrix, det(A – λI) is a polynomial of degree n, called
the characteristic polynomial

Definition: An eigenvalue r has algebraic multiplicity k if k is
the largest integer such that



Example 1: A =


8 0 0 −12
−6 2 0 12
6 1 3 −12
6 0 0 −10

 has

characteristic polynomial
λ4 − 3λ3 − 12λ2 + 52λ− 48 = (λ+ 4)(λ− 3)(λ− 2)2

Eigenvalue Algebraic Multiplicity Geometric Multiplicity
-4 1 1
3 1 1
2 2 2


0
−1
1
0

 ,


2
0
0
1


 is a basis for the eigenspace for λ = 2; that is, the

solution space of (A− 2λI )x = 0.



Example 2: A =


2 1 −1 1
1 2 −1 0
0 0 1 1

−1/2 3/2 −3/2 4

 has

characteristic polynomial
λ4 − 9λ3 + 29λ2 − 39λ+ 18 = (λ− 1)(λ− 2)(λ− 3)2

Eigenvalue Algebraic Multiplicity Geometric Multiplicity
1 1 1
2 1 1
3 2 1


0
1
1
0


 is a basis for the eigenspace for λ = 3; that is, the solution

space of (A− 3λI )x = 0.



Similar Matrices

Definition: Two n× n square matrices A and B are similar if there
is an n × n invertible matrix P such that P−1AP = B.

Theorem: If n × n square matrices A and BZ are similar, then
they have the same characteristic polynomials and thus the same

eigenvalues with the same multiplicities.


