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Abstract—Many applications of linear algebra call for determining solutions of sys-
tems of linear equations with certain prescribed properties. The Leontief input—output
models in economics, for example, requires a solution vector all of whose components
are nonnegative, The location of an equilibrium distribution for a regular Markov
process involves finding a vector each of whose entries is positive. This paper presents
an elementary constructive algebraic proof for finding such solutions and for dis-
covering conditions under which they exist. The results extend the theory of solutions
to such systems to matrix equations over arbitrary, not necessarily complete, ordered
fields.

INTRODUCTION

In many applications of linear algebra, one is interested in obtaining solutions of systems
of linear equations with certain prescribed properties. For example, in a closed Leontief
input-output model (see below) an economist wishes to study solutions of a system
BX =0 in which the components of the vector X must be nonnegative. If A represents
the transition matrix for a regular Markov chain (see Sec. 4), then one seeks solutions of
AX = X in which all the components of X are probabilities; that is, numbers between 0
and 1. In many other planning or production models, the only solutions of relevance are
those which are integers.

While the standard theorems of elementary linear algebra tell us a great deal about the
existence of solutions to systems of equations, they say little about obtaining solutions
having such additional restrictions. In many texts dealing with such applications,
reference is given to some powerful existence theorems (e.g., Brouwer’s Fixed Point
Theorem) which guarantee that such special solutions may be found, but no procedure is
described for finding them. In this paper, we will present an elementary constructive
proof that can be used in many such situations.

The primary motivation for developing the results discussed here lay in attempting to
find a complete treatment of two simple input—output Leontief models that can be
presented to a beginning linear algebra class. Since the proofs are strictly algebraic, in
contrast to the alternate approaches (e.g., through power series with matrix argument)
these results extend the theory to matrices over arbitrary, not necessarily complete,
ordered fields.

The closed model

Consider an economy made up of n industries I, I,...I,. In a certain time period,
each industry produces an output of some good or service which is completely utilized
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by itself or other industries in a predetermined manner which remains constant during
that time period. To simplify the presentation here, we suppose that units are chosen so
that each industry produces exactly one unit of its product in the given time period.

Let a; be the fraction of the total output of industry I; used by industry I,. Then each
a; is nonnegative and

ﬂi]+ﬂgj+"'+ﬂ,.;=l

for each j. The n X n matrix

@y G - G

ay Qx -+ aun
A=

Qny Gnz """ Qpn

is called the exchange or input—output matrix. For each industry I;, let x; =0 denote the
price of one unit of its output and let
X1
X =]:
Xn

be the associated price vector. In the time period of interest, industry I; has an income of
x; and an expenditure of

> ;.

i=1

One notion of equilibrium in such an economy is that each industry spend no more
than it receives; that is,

i QiiX; =X
=1

foreachi=1,2...n. Suppose that X is a price vector which yields such an equilibrium.
Then,

x=zi:xi22{',$ajix,-=§2[:aj,-x,-=§xj2aq=$x,-- 1=x
so that
and hence
x.-=$a“x,

for each i. Thus X is an equilibrium vector if and only if AX = X. The main problem for
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the closed model then becomes the following: Given an exchange matrix A, does
there exist a vector X of nonnegative components so that (I — A)X = 0? See Sec. 4 for a
solution to this problem.

The open model

Consider again an economy with n industries and some external source of demand
for some of the output of each industry. Interpret a; as the dollar value of the output of
industry I; needed to produce one dollar’s value of output of industry I. Then each a; is
nonnegative and we assume

Zai,-:sl

for each j; that is, each industry is profitable.
Let p; = 0 be the number of units to be produced by industry I; and let

be the associated production vector. Then the vector P~ AP =(I - A)P has com-
ponents which give the excess production of each industry. The consumer or external
demand for output of industry i has dollar value d;. Denote the demand vector by D

where
d,
D= :|.
d,

The basic question for the open model is as follows: Given a demand vector D, is
there a production vector P which meets that demand; that is, (I — A)P = D? This
question is answered in Sec. 5.

The models described here are generally associated with the name of Wassily
Leontief, the economist who pioneered their application to real world economies. For
further discussion of the appropriateness of the assumptions and possible generaliza-
tions of these simple models, see Refs. 8 or 9.

1. POSITIVITY OF COFACTORS

Throughout our discussion, A will denote an n by n matrix (n = 2) with entries a;. For
simplicity we will assume that the entries are real numbers. Most of the proofs, however,
are valid for matrices over any ordered field. We will say the matrix A is nonnegative
(Az0)if a;=0foralli and j; A is positive (A>0) if A =0 and a; >0 for some i and j;
and A is strictly positive (A > 0) if a; >0 for all i and j. We will assume throughout that
A =0 and has column sums not exceeding 1, that is, that

ZGijél

for all j. Such a matrix is called substochastic. A stochastic matrix is a substochastic
matrix for which each column sum is 1.
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We will be seeking solutions to matrix equations and inequalities in the form of
column vectors which are nonnegative, positive or strictly positive (with the correspond-
ing meanings for these terms) depending upon what special combination of conditions is
placed on A (e.g., what can be said if A> 0 and

20(](1

for a single j?).

Denote the determinant of A by |A|, the submatrix obtained by deleting the ith row
and jth column of A by A(,j), and the corresponding cofactor by A;. Thus, A; =
(—1"™|A(, j)]. We will not distinguish among identity matrices of different orders.

Standard theorems of linear algebra offer equivalents for |A|# 0: invertibility, in-
dependence of the rows, one-to-oneness of the corresponding transformation, and so on.
What distinguishes this theory is the search for positivity, which in many cases will
amount to showing that for some matrix A, the determinant |A| > 0. The primary tool for
approaching this problem constructively is the following lemma.

Lemma 1.1. If A is a substochastic matrix, then, for all i and j, the cofactor
(I — A); 0. Moreover, if A> 0, then (I — A);>0.

Proof. We attack by induction, writing B = I — A for simplicity. For n =2,

B=[l_all —ap ];
—an l-ay

and
Bi=(-1)""(-az) = an 20,
By =(- 1)2+I(_012) =apx0,
Bu=(-D""(1-an)=1-an=a;,=0,
Bp=(-1)"(1-ap)=1-a,Zay=0.
Moreover, if A >0, each of the final inequalities on the right is strict.

Assuming now that the result has been established for matrices of order less than n,
we let A be n by n and distinguish three cases.

Case 1: j <i. In this case we compute B; by a cofactor expansion on the row
L T A e R T
If j <, this row is the jth row of B(i, j). Therefore,

By = (=D"™|B(, DI = (=1)""{~a;BG, j)j = apBG, D= - -
—ajjB(@, P)jj-1— ajjnB(i, f)jj e ap-B(i, j)],n—l}- (1.1)
Now

B(is J)j‘k = (_l)jﬂ('B(is ])(jy k)l = (_ l)fﬂtIB(js j)(i - 1’ k)l
= (=)= B, itk = (DB, i (1.2)
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The critical observation here is that initially deleting the ith row and then the jth row has
the same effect as deleting first the jth row and then the (i — 1)th row. This is expressed
in the second equality of Eq. (1.2) and makes the induction step possible.

The induction hypothesis certainly applies to the matrix A(j, j)=1I — B(j,j), since
deletion of rows and columns can neither decrease any entry or increase any column
sum. Hence B(j, j)i—1x =0 and every term inside the brackets of (1.1) is of the form

—agB(i, )y or —@jxB(, -

But every a; =0, and we have just seen that every B(i, j)i has sign (— 1) " or is 0. Inside
the brackets then, each term has the same sign, and

B, = (—1)"/{0’s or terms with sign (—1) - (=1)'*"'} = 0.

Moreover, if A> 0, then ayz >0 and B(j, j)i-i1x >0 by the induction hypothesis, which
assures us that none of the terms inside the brackets is 0. Hence, B; > 0.

Case 2: j>i. If j> i, the row used for expansion of B; is the (j — 1)th row of B(i, j)
and the proof proceeds by similar steps, observing in this case that

B(i, j)(j — 1, k) = B(j, j)(i, k).
Case 3: i = j. To avoid confusion with running subscripts, we will compute By, where
k is a fixed subscript. The technique is to replace B by the singular matrix C obtained
when the kth row of B is replaced by the sum of all the other rows. Since only the kth
row is altered, Cy; = By; for all j.
Formally, we let

Cyj = 2 a;

i#k

l—an -—-an Tt Ay T Qe —‘
—an l-an -+ —ax - —Gn
C=| =@y —Gy2 " —0Qix "0 —Ok-1a
I—Ckl l—Ckz = Ck I—Ck,,
Qg1 TOk+12 " TQkak "t TOksia
L~ @n1 —0an2 crr ek e l-an.n .

Computing |C| by a cofactor expansion on the kth row we have
0=|Cl=(0=c)Cr1+ (1= cdCia+ * * + (=€) Cic + - - * + (1 = C1) Cin. (1.3)

Now c¢,; =1 for every j, and we know from case 1 that C; = B,; =0 for j# k. Therefore,
the right hand side of (1.3) consists of nonnegative terms and —cuCu. It follows at once
that cuBu = CuCiu = 0. If ¢y >0, then certainly

Bu. = 0.
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If ¢ =0, then the kth column of A is all 0 except possibly for ay. (A mathematical
possibility, but not a very realistic economic situation.) In this case, consider the matrix
A* obtained from A by replacing the kth column of A by a vector all of whose entries
are 1/n.

Everything established so far applies to A*, but ¢, = (n — 1)/n >.0. Hence,

Bkk = Btk =10.

If A> 0, then, from the previous case, B,; >0 for k# j, and
0(2 aij=ckj+aﬁ§ 1,
i

which implies that
0< Ay =1- Cij-

In this situation then, the right hand side of (1.3) consists of positive terms and —cCi.
Since ¢y > 0, necessarily Ci > 0. This completes the proof.

If may be of interest to note that the hypotheses of the second part of this lemma may
be weakened slightly. If we assume only that a; >0 for i#j and a; <1 for all i (i.e.,
allow the possibility that a; = 0), the proof that (I — A); >0 for all i and j is unaffected.
This is of some importance economically since an industry may well consume none of its
own output.

2. INVERTIBILITY OF I - A

With the help of Lemma 1.1, we can now learn a great deal about the invertibility of
the matrix I — A and the sign of its determinant.

Corollary 2.1. If A is a substochastic matrix, then |I — A|= 0.
Proof. Applying the lemma to the (n + 1) X (n + 1) substochastic matrix A*, where
0 0
A*= ., T-Al=U - A%, 0.
0| A

Corollary 2.2. If A is a substochastic matrix and I — A is invertible, then (I — A)™' >
0. Moreover, if A> 0, then (I - A)"'>0.

Proof. From Corollary 2.1 and the hypothesis, |I — A| > 0. Since

Lo _adi(I - A)
I=A =713

where adj(I — A), the classical adjoint matrix, is the transpose of the matrix of cofactors,
(I — A)'= 0. The inverse cannot be the 0 matrix, so necessarily (I — A)™' > 0.

The second part of Lemma 1 guarantees that every cofactor of I — A, for a strictly
positive A, is positive, and therefore that (I — A)™'> 0.
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Corollary 2.3. If A is a strictly positive substochastic matrix, then rank(l — A) =
n-—1.

Proof. Every (n — 1) by (n — 1) submatrix of I — A has nonzero determinant.

A more general setting is useful in establishing conditions for the invertibility of
I — A. We will define for any matrix D a norm

ID|| = m;flx Z |ds].

If X is a column vector, then

1XN =2 txl.

For any column vector X,

IDX || = Z l; dux| = 2‘: 2&"' {dul - |xe| = 2 z |dic] - x| = ; [l Z |da]
<IDI S Ixd =101 X

That is,

IDx || =|Df - | x1-
If I — D is singular, then there is some nonzero column vector X such that DX = X.
Since |X| = |DX||=|D| - [X||, if |D||<1, we are led to the absurdity |X|<|X]|. We
have proved the following lemma.

Lemma 2.4. If |D| <1, then I — D is nonsingular.

Returning to the original setting and strengthening slightly the conditions on A we
have immediately

Corollary 2.5. If A= 0 and 2, a; <1 for every j, then |I — A|>0.

Corollary 2.6. If A>» 0, no column sum exceeds 1, and Z;a; <1 for some j, then
|I — A|>0.

Proof. The idea here is to apply Corollary 2.5 to the matrix A% Clearly A?> 0, and if
the elements of A’ are b;’s, then for every j,

Ei: bij = EI: (; a.-taﬁ) -_'2 z QA Ay =$ ak]zi Ajx <$ a“_ﬂ_ 1.
Therefore,

T — Al | +A|=|I-A}>0,

and, with the help of Corollary 2.1 again, |I — A|>0.
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To recapitulate here, we now know that:

1. If A is nonnegative and every column sum is less than 1, then (I — A)™' is positive.

2. If A is strictly positive, no column sum exceeds 1, and some column sum is less
than 1, then (I — A)™' is strictly positive.

3. For a strictly positive matrix A with all column sums not exceeding 1, I — A is
singular if and only if every column sum of A is exactly 1.

Not much improvement on these results seems possible. The positive matrices

[} 7]

have single columns with sums less than 1, but |[I = A| =0 in each case.

& rai—ral—
[
PR -

3. SECTORS OF A SQUARE MATRIX

A sector of a square matrix is a submatrix whose diagonal elements are diagonal
elements of the original matrix. A k-sector is a k by k submatrix obtained this way. If D
is an n by n matrix with rank D = n — 1, then some n — 1 by n — 1 submatrix D(i, j) has
nonzero determinant, but we cannot be certain that there is an (n — 1)-sector D(i, i) with
|D(i, i)| # 0. Indeed, each of the upper triangular matrices

01 11 . . .1
0011 . . .1
0001

01
0000 00

has rank(n — 1) and no nonsingular sector of any order.

The situation for I — A is somewhat better. We will show that rank(I — A)=k
guarantees the existence of a nonsingular k sector. This result in turn is the key to
dealing with the closed model for the economy.

Each sector of the matrix A describes the economic intercourse among the industries
involved. We will see in this section that the entire economy can be broken down in a
natural way into what will later be called productive and nonproductive sectors cor-
responding precisely to certain nonsingular and singular sectors of the matrix I — A.

Lemma 3.1. If A is a substochastic matrix and |I — A|#0, then |(I — A)i,i)|=
|I — A(i, i)} > 0 for every i.

Proof. If a; =1, the ith column of I — A consists of zeros alone and |I— A|=0.
Therefore, we can assume that a; < 1 for all i. Using a cofactor expansion on the ith row
of I — A, we have

I = Al==ay(I - A)y—aiI = A)a—- - -+ (1= ai)(I — Ay — - - - — ai(I — A

The left hand side of this equation is positive and for each term on the right with k+ i,

—ﬂa‘(I - A)u‘ =0.
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Necessarily then,
(I1-agXI—-A);>0 and |(I-A), i)=(I—-A);>0.

The result is not true in more general settings. Any n by n permutation matrix with 0
diagonal is nonsingular with singular (n — 1) sectors. The same is true of the strictly
positive matrix

11 2
111
1 2 2

The lemma clearly implies that if A is substochastic and I — A is nonsingular, then
every sector of I — A is nonsingular, or, equivalently, that the singularity of any sector
forces the singularity of all sectors containing it.

It is quite possible for a singular matrix to have nonsingular sectors, and indeed just
such matrices are characteristic of the economic situation. They take a particularly nice
form.

Lemma 3. 2 If A is a substochastic matrix, and if |[I — A| =0 while |I — A(k, k)| #0,
then 25 Ay =

Proof. Let s; =3, a; and consider the matrix

l-ay —ap /AT

—as 1....022 e _aZR
A¥=| —ay_ 1y —Gop 0 — @y, |

-5, 1-s, -+ 1-35,

T Qv T g2t T Oksin

which results from adding all the other rows to the kth row. Since the only change has
been in the kth row, A%; = (I — A),; =0 for every j. Moreover,

0=|I - Al =|A* = 2(1—3,)A1:,

All the terms on the right are nonnegative, and A%, = (I — A)y >0 by hypothesis. We
must, therefore, have s; = 1.

Corollary 3.3. If A is a substochastic matrix, and if [I — A| =0, while |I — A(j, j)| #0
for all j, then all the columns of A sum to 1.

The initial k-sector of an n X n matrix is the k-sector obtained by deleting the last
n — k rows and columns.

Corollary 3.4. Let A be a substochastic matrix. If B is a singular initial k-sector of
I — A, and if every (k — 1)-sector of B is nonsingular, then I — A has the special form

B C
I-A= .
0 D
Proof. The columns of B sum to 1. Hence, in I — A, the elements of these columns
which are not in B must all be 0.
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The partitioning of I — A is now easy. By interchanging rows and columns we may
assume that
I<lfori=1,2...m

(!

=]lfori=m+1l,m+2...n

so that the first m columns of I — A are nonzero and the last n —m are identically 0. We
search in the first m columns for a singular 2-sector. Either we find one or all the
2-sectors are nonsingular. In the latter case, we search for a singular 3-sector. Continuing
in this fashion we find either

(1) that the first m rows and columns form a nonsingular sector or

(2) a sector B, such that |B,| =0 and |B,(i, i)| # 0 for every i.
By Corollary 3.4, I — A has (up to permutations of subscripts) the form

B, C,
I-A=|0 ] 0].
0 D,

Now we concentrate on the sector Bj, and, just as before, find either that |Bi| # 0 or
that B{ contains a singular sector B, all of whose subsectors are nonsingular.

The process continues until some remnant sector B} is nonsingular. Setting B, = P, for
reasons to become clear later, the matrix I — A, after appropriate rearranging of course,
takes the particularly nice block form:

B,
B,, ()
I-A= . 0.

B,
0 P

D

where each B; is a singular sector each of whose proper subsectors is nonsingular, and P
is a nonsingular sector.

We know already that any sector containing a singular sector is necessarily singular
itself. Note now that, if B is any sector without 0 columns, it has the block form

B%
B* 0

P*
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where B¥ is a subsector of B;, P* a subsector of P, and C* the appropriate submatrix of
C. Now

1| = (TT1B1) [P*]

Therefore B is singular if and only if B¥=B; for some i. In other words, the
decomposition of I — A is unique in the sense that every singular sector must contain
one of the B;. We have proved the following theorem.

THEOREM 3.5. If A is a substochastic matrix, then, after an appropriate renumbering
of rows and columns,

B,
B, ()

P

D

where each B; is a singular sector each of whose proper subsectors is nonsingular and P
is a nonsingular sector. The decomposition is unique in the sense that any singular sector
without zero columns must contain one of the B;’s. For each sector B;, we have

rank(B)=k;=n—1=0(B) -1,
rank(P) = k;,; = o(P),
and

t+1

rank(I — A) =2 k.
=1

Now delete from I — A the last n — m rows and columns, and the first row and column of
each sector B, and all the other elements of I — A in the deleted rows and columns to
form a matrix B,

-

B,

o
I
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where B, is a k;-subsector of B;. Then |B;| #0 for all i and

1
1B = (IT181) 1P| % 0.
i=1
Moreover,
t+1

o(B) = 2:: o(ﬁ,)+ o(P) = i (ni—D+k= 2 k; = rank(I — A).

i=1

We have proved the following theorem.

THEOREM 3.6. If A is a substochastic matrix and rank(I — A) = k, then I — A contains
a nonsingular k-sector.

4, THE CLOSED MODEL AND MARKOV CHAINS

We deal here with stochastic matrices, that is nonnegative matrices for which each
column sums to 1. Economically, the system can be interpreted either as one in which
there is no demand or one in which demand is considered as an industry which
consumes all of its own output.

Such matrices also arise in the analysis of finite Markov chains: stochastic processes
in which the probability of being in a particular state at any step depends only on the
state occupied at the previous step. More exactly, consider repetitive trials of an
experiment with a finite number of possible outcomes S, S;...S,. The sequence of
outcomes is a Markov chain if there is a set of n” numbers {p;} such that the conditional
probability of outcome S; on any trial, given outcome S; on the previous trial, is p;; that
is,

pi = Pr(S; on trial k + 1|S; on trial k), 1=ij=n k=12...

The transition probabilities p; can be arranged in a stochastic matrix

Pu Pn - Pm
P2 Pn ' Pm
Pin P ' DPumn

Let p* denote the probability that the outcome on the kth trial is S; and let p® = (p{°,
pP...pMT be the associated probability distribution vector. Then, for a Markov
process, we have

p{h]] - Pp(k), k=1,2...

Thus a Markov chain is completely characterized by its transition matrix P and an initial
probability distribution p” in the sense that p* = P*p®, k =0,1,2...

In many applications of Markov processes, one is interested in the existence of
equilibrium probability distributions; that is, vectors p such that p = Pp. For example, if
some positive power of P is strictly positive then it can be shown that there is a unique
strictly positive distribution p so that

: k_(0)
lim P'p"=p
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©_ For further discussion, applications and proofs see Refs.

for any initial distribution p
1,3,4,7, and 10.

The existence of equilibrium distribution vectors can be proven using the heavy
artillery of the Brouwer Fixed Point Theorem. If S is the set of all probability
distributions under consideration, then S forms the standard (n — 1)-simplex in R" and

for p in S, we have

Z(PP)E=$§(PﬁPi}=EjEEPjiPi=zj:Pizpii=$pi=l-

so that Pp also lies in S. Thus, we can view P as a linear transformation from S to itself.
Since P is continuous, Brouwer’s Theorem guarantees the existence of an equilibrium
vector.

We can consider our exchange matrix A as the transition matrix of a Markov chain
provided we consider only normalized price vectors X whose components sum to 1. It is
the purpose of this section to show a constructive proof for existence of equilibrium
vectors.

The problem here is to find a positive solution X to the matrix equation AX = X ; that
is, a solution X in which all components are nonnegative and at least one is positive.
Since each column of A sums to 1, the matrix I — A is row equivalent to one with a 0
row. Hence, rank(I — A)=n — 1, and there is a nontrivial solution of (I — A)X =0. To
show that the solution can actually be taken positive, we prove the more general result:

THEOREM 4.1. If A is a substochastic matrix, rank(I — A) = k <n, then the solution
space of the equation (I — A)X = 0 has a basis consisting of positive vectors.

The proof of this theorem requires only familiar linear algebra and the results on
cofactors and sectors already developed. The desired solution vectors can be computed
directly from the matrix I — A. Recall first that if C is an n by n matrix and

then

0
where the |C| occurs in the jth component.
Trivially then, if rank(C) < n, certainly CW,; =0.

To prove the theorem we take C =1 — A. From Lemma 1.1, we know that W, =0.
We need only to show that judicious choice of j can assure W;# 0.

Proof of the theorem. The low rank cases are instructive. If rank(] — A) =0, then
I — A =0 and any positive vector is a solution to (I — A)X = 0. The standard basis for R"
is a positive basis for the solution space.

If 1-a;=0, then a; =0 for j#i, and the ith column of I — A is identically 0.
Therefore, rank(I — A) = k assures that a; < 1 for at least k different i’s. If rank(I — A) =
1, then there is some subscript j, so that a; <1.
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In this case, since every row of I — A is a multiple of the jth row, it is sufficient to find
positive solutions to the equation

[_a” "'ﬂfz . 1- aﬂ e _ah] . X = 0.
The vectors
[(1—q; ] C 0 | [0 ] (o0 | 0
0 l—an 0 0 0
0 0
Zl= 0 . Zz= 0 PR Z;_l'—' l—a,-, Zf+1= 0 e Zn= 0
aji ap ajj-1 @jj+i Qijn
0 0 0 1~ ay 0
0 :
: : : : 0
L 0 . |_ 0 N | 0 = L 0 . L.l "‘ﬂj]_

are all positive since 1~ a; > 0; they are independent by inspection. Since the dimension
of the solution space is n —1,

(Z02... 2, Zpor . Za}

is the desired positive basis.

In general, if rank(I — A)=k <n, there is a k-sector B in I - A with |B]|#0.
Assuming that B uses the first k rows and columns of I — A, every other row is
necessarily a linear combination of the first k and it is sufficient to solve the system:

—Aik+r —ike2 "0t —Aia
B —Ark+1 —Oake2 Tt Tl | X =), 4.1)
—Qgk+r T Qrks2 77 T Oka

We first consider the n — k matrices,

—ay
B M

I - Aj = : !
— ay
—Gp —dp ' —a4i 1- aj;

for k+1=j=n. Each A; is substochastic, so that all the cofactors of I~ A; are
nonnegative. Moreover,

(I - Af)k.g.uq.l = IBI >0.

It follows at once that

I = Ajisra

[I - Aj)k+l.2
Yj =

(I - Af)lu-l,k-i-l
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is a positive solution for (I — A))X =0, and

(I - Aj)k+l.|.
(I = Api+2
(I — Aprerk
0
Z,= 0 <« jth component

(I — Ajisri
0

Lo

is a positive solution to (4.1). The dimension of the solution space of I — A is n — k, and
the vectors Z; are obviously independent. Hence, the desired basis of positive solutions
to (I - A)X =0 is {Zy11, Zxsa - . - Z,}-

Corollary 4.2. If A> 0 and stochastic, then there is a solution X >0to (I - A)X =0,
which is unique up to scalar multiples.

Proof. Since all the columns sum to 1, rank(I — A)=n — 1. Since A >0, by Corollary
2.3, rank(I — A)y= n — 1. If B is a nonsingular (n — 1)-sector of I — A, then

= Qyn
B — Qza
I-A= :
i —apy """ 1- QA
and _
I= A
I-A),
x| =M
(I-A)nn_

is a solution to (I — A)X = 0. From Lemma 1.1, X > 0. The uniqueness follows from the
fact that the dimension of the solution spaceis n —(n—1)=1.

Corollary 4.3. If A is a stochastic matrix and A™ > 0 for some positive integer m,
then there is a solution X 0 to (I — A)X =0, which is unique up to scalar multiples.

Proof. By a standard argument every positive power of a stochastic matrix is
stochastic. If X is a strictly positive solution to the equation (I - A™)X =0, then

J-AMAX =(A-A"HX =A(I-A™X =0,

and AX is also a solution. From Corollary 4.2, AX = aX for some scalar. Since A is
positive and X is strictly positive, a > 0. Moreover, X = A"X = "X implies that a" = 1.
Because a = —1 is absurd, « = 1 and AX = X.

If Y >0 is any solution to (I = A)Y =0, then (I = A")Y =0 and Y is a scalar multiple
of X from Corollary 4.2.
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5. THE OPEN MODEL

In the open model for an economy some output is accounted for by consumer
demand. Every closed model may be considered as an open model also. The industries in
this system may then account for less than 100% of the output of a particular industry.
In terms of our matrix A, this means that some columns may sum to less than 1. We
hope for a system in which output exceeds input, so that demand can be met. We will
say the system, or the matrix A, is productive if there is a nonnegative vector X (output)
such that X » AX. The vector X is a production vector. Productivity of A has a
particularly nice equivalent.

THEOREM 5.1. A substochastic matrix A is productive if and only if I—A is
nonsingular.

Proof. We may as well assume then that A > 0 since the theorem is trivial otherwise.
Let A be productive, and let X = 0 be a production vector guaranteed by the definition.
Then,

X>»AX =0.
Now AX < X implies that

Xai,‘xj<xi for i=1,2...n 5.1

and

Therefore, for some k,

Sa<l (5.2)

Inequality (5.1) also implies that

0= 2 ap < x; — aix; = (1 - ay)x,. (5.3)

j#i

Therefore a; <1 for every i. The proof is by induction on the order of A. When n = 1, we
have

I-Al=1-a,,>0

and I — A is nonsingular. The case for n =2 is also instructive,

I—A=[1"all —ﬂu]_
—ax; l—-axn

From the column sum condition,

an=l—-a, and ap=1-a,,
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and from (5.2), at least one of these inequalities is strict. Therefore,
[T = Al=(1-au)(1-ay) —ana;>0

and I — A is nonsingular.

Now assume the theorem proved for matrices of order n — 1 and let A be an n by n
productive matrix with associated nonnegative production vector X. We will concentrate
our attention on the sector A(i, i), which is certainly substochastic. Now (I — A)X >0
implies that '
X1 ] [
X2 @3iX;

(I~ AG D) x| 2| aiix; [=0.
Xj-1 Qiv,iXi

Xn AniX;

Therefore A(i, i) is productive and I — A(i, i) is nonsingular.
Now let

Si = 2( au.

We know from hypothesis that s; =1 for all j and from (5.2) that s, <1 for some k. By
Corollary 3.2 then, [I — A| #0.
To prove the converse, note first that for any square matrix B, if

X1
=2 B; and X=|x;|
Xn
then X = W, + W,+ .. -+ W, as in Theorem 4.1. Therefore,

|B|
BX = B(W,+ W,+---+ W,)=| |B|

|B|
In the setting of our theorem, we may take B = I — A. Hence |B| >0 and (I - A)X »
0. This completes the proof.

Productivity guarantees that demand can be met. In the corollary we think of D as a
demand vector and X as the production vector required to meet that demand.

Corollary 5.2. If A is a productive substochastic matrix, then the equation (I - A)X = D
has
(i) a nonnegative solution if D = 0;
(ii) a positive solution if D > 0;
(iii) a strictly positive solution if D > 0.
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Proof. From Theorem 5.1, I — A is invertible and necessarily then (I — A)™' > 0. The
solution vector is X = (I — A)"'B. Only part (iii) needs comment, and this follows at once
since every row of (I — A)”' must contain a positive entry.

A fundamental problem in any ecomonic system is to meet demand. Our theory tells
us conditions under which demand can be met and provides a simple construction for
the production vector required to meet any particular demand. At least the construction
is simple in theory. In practice, however, it involves computations of determinants and
inverses of very large matrices.

The task is simplified somewhat by the decomposition of the matrix I — A into singular
and nonsingular sectors. In our new terminology, Theorem 3.5 describes a decom-
position of the economy into (1) a number of nonproductive sectors, By, B,. .. B,, which
are minimal in the sense that all their proper subsectors are productive, and (2) a
productive sector P. Moreover, this decomposition is unique in the sense that the only
nonproductive sectors are the B;’s and sectors containing them or, equivalently, that a
sector is productive if and only if it contains no B,

Of course some of the nonproductive sector may be rather trivial. A nonproductive
sector B; consisting of a single industry I; has |B;|=1- a, =0. Therefore, a; =1 and
ay =0 for i# k. In other words, a single industry is nonproductive if and only if it
consumes all its own output. Demand can be considered as a nonproductive industry.

Eliminating all nonproductive industries from consideration, the remaining non-
productive sectors are nontrivial. If B; is such a sector, then eliminating from it one
industry (any one!) results in a productive subsector B} with one fewer industries. If this
is done in each nonproductive sector the resulting economy has a matrix

- =

B;
B; 0

which is productive since
i1~ B|= (TT1B) - IP|>0.

The number t, of minimal nonproductive sectors, is the minimum number of in-
dustries which must be allowed to fail in order to transform a nonproductive economy
into a productive one.

Determining (I — B)™' is noticeably simplified by this decomposition, since the in-
verses of the B} and of P, if the sectors are not too large, are comparatively easy to
compute. In particular if

B; 0

_ [5]
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then, of course,

(BY)™

@By 0

By
and
Q C
I-B= .
0 P
It is an easy matter to verify that
Q—l | _ Q—ICP——I

d-B)'=

0 [ P!

It is sufficient to compute the inverses of these productive sectors to find (I — B)™".
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