MATH 224: Vector Calculus

Class 20: Wednesday, April 1, 2026



Notes on Assignment 18
Assignments 19 and 20
Curvilinear Coordinates



Announcements

Exam 2: Monday
7PM -7

Review Basic Theorems About Integration from Calculus |



Today:
Curvilinear Coordinates
Coordinate Systems in Plane and Space

Plane
P | P,

Cartesian Polar
Newton(1671) [Not published until after death]
Jacob Bernoulli (1691)
In Polar Coordinates, Circles and Lines Through Origin Have
Simple Equations:
Circle: r=14
Line: # =7/6



Relationship Between Polar and Cartesian

Py
P (,0) or (x,»)
4
x=rcos @
y=rsin0
0 X




Linear Algebra Perspective
p r\ _(rcosf\ (x)for0<r<oo
0) \rsing) \y) 0<6<2r

6 :
L,. P: U2 — R L

Example: P sends this line segment S to circle of radius 2 with
center at origin.

[r,0] =[2,t],0<t<2r



Example: 0 = t,r =sint =sinf

(1,m/2)

‘ r=sint 0=t
0 0 0
/6 1/2 7w /6
/4| \2/2 /4
/2 1 /2

Then x = rcosf =sinflcos and y = rsinf = sinfsinf

So x% = sin? A cos? 6, y? = sin® fsin? 9

and then x? + y2 = sin? f(cos? § + sin20) = sin?0 x 1 =sinf = y
Thus x? + y2 — y = 0. Complete the square in y:
Cryl-yti=; = +(y-3) =1
which is the equation of a circle with center at (0,1/2) and radius
1/2.



Xyl —yt+i=73 = 2+(y—3)P=

which is the equation of a circle
with center at (0,1/2) and radius 1/2.

The image is the right half of the circle:
(1, 7/2) :

0, 1/2)




Think of P as a function from R? to R2. Then

; %(rcos@) @r(rcosﬁ)
= <2‘r(rsin9) 8% >

- () — e (5 4

Previous Example

g(t) = [sint, t]
so g'(t) = [cost,1]
At t =m/6,g'(7/6) = [vV3/2,1]
g:R' 5 U?and P: U2 - R?

(Pog): R - R?

(37 i) (i

3/2 —1/4 3/2
Evaluate at 7/6: < 1/2 ﬁ/4> < 1 >

(v37)



Coordinate Systems in 3-Space
Cylindrical Coordinates: (r,0, z).

X = rcosf
y =rsind
z=2z



Coordinate Systems in 3-Space
Spherical Coordinates: (p,0,¢) = (r,0,¢)

r = distance between origin and point
f = project down to xy-plane
¢ = rotation down from vertical axis
r = distance between origin and point x = rsin ¢ cos6
0 = project down to xy-plane. y = rsin¢sinf

Z=1rcos¢

¢ = rotation down from vertical axis
Some authors use p instead of r.



Converting from Spherical To Cartesian

o rsin ¢

rcos ¢
5

¢
¥

/0

rsin ¢
y

V4
COSp = — =—> Z=1rcos¢
r

cosf = = x = rsin¢cosf

rsin ¢

sinf =

. = y =rsingsinf
rsin ¢



r rsin ¢ cosf
S:|l¢| = | rsingsing
0 rcos ¢

r = Constant ¢ = Constant 0 = Constant
Sphere Cone Plane



Jacobian Matrices
cosf —rsinf
sinff  rcos@

cosf —rsin@ O
sinf rcosf O
0 0 1

singpcosf rcospcosf —rsingsinf
singsind  rcos¢gsinf  rsin¢cosf
cos ¢ —rsin¢ 0



