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Class 25: Wednesday, April 15, 2026





Notes on Assignment 23
Assignment 24

Improper Integrals and Probability Density Functions



Announcements



Today
Improper Integrals

Application to Probability





Improper Integrals
Setting

∫
B f dV where B is a subset of Rn and f : Rn → R1

Two Types:
(I): B is unbounded

(II) B is bounded but f is unbounded
Type I Examples

B = R2 B = First Quadrant B is infinite strip

∫∞
−∞

∫∞
−∞ f (x , y) dy dx

∫∞
0

∫∞
0

f (x , y) dy dx .
∫∞
−1

∫ 2

1
f (x , y) dy dx∫∞

r=0

∫ 2π

θ=0
f ∗(r , θ)r dθ dr

∫∞
r=0

∫ π/2

θ=0
f ∗(r , θ)r dθ dr

∫∞
−1

∫ 2
1 f (x , y) dy dx = limb→∞

∫ b
−1

∫ 2
1 f (x , y) dy dx
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Type II Examples
Classic Case

I =

∫ 1

0

1√
x
dx

I = lim
a→0+

∫ 1

a

1√
x
dx = lim

a→0+

[
2
√
x
]1
a
= lim

a→0+

[
2− 2

√
a
]
= 2
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Type II Examples
In R2, f (x , y) = 1√

x2+y2
on unit disk

Type II Examples
In Polar Coordinates:∫ 1

0

∫ 2π

0

1

r
r dθ dr = lim

a→0+

∫ 1

a

∫ 2π

0
dθ dr = lim

a→0+

∫ 1

a
2πdr

= lim
a→0+

(2π − 2πa) = 2π
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An Important Example:
Exponential Probability Density Function

∫ ∞

0
e−x dx = lim

b→∞

∫ b

0
e−x dx = lim

b→∞

[
−e−x

∣∣∣∣b
x=0

]

= lim
b→∞

[
−e−b − (−e0)

]
= lim

b→∞

[
1− 1

eb

]
= 1
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Exponential Probability Density Function
Probability(Light Bulb Burns Out in ≤ x months) =∫ x

0 e−t dt = 1− e−x

x
∫ x
0 e−tdt Prob(Bulb Lasts More than x months)

1 .632 .368
2 .865 .135
3 .950 .050
4 .982 .018
5 .993 .007
6 .998 .002



Suppose You Buy 2 Light Bulbs
What Is The Probability They Will Provide At Least 3

Months of Service?

Prob(x + y > 3) = 1 - Prob(x + y ≤ 3)

= 1−
∫ 3

x=0

∫ 3−x

y=0
e−xe−y dy dx



Suppose You Buy 2 Light Bulbs
What Is The Probability They Will Provide At Least 3

Months of Service?

Prob(x + y > 3) = 1 - Prob(x + y ≤ 3)

= 1−
∫ 3

x=0

∫ 3−x

y=0
e−xe−y dy dx



Suppose You Buy 2 Light Bulbs
What Is The Probability They Will Provide At Least 3

Months of Service?

Prob(x + y > 3) = 1 - Prob(x + y ≤ 3)

= 1−
∫ 3

x=0

∫ 3−x

y=0
e−xe−y dy dx



Suppose You Buy 2 Light Bulbs
What Is The Probability They Will Provide At Least 3

Months of Service?
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Evaluate 1−
∫ 3

x=0

∫ 3−x

y=0
e−xe−y dy dx

= 1−
∫ 3

0
e−x

[
−e−y

∣∣∣∣3−x

y=0

]
dx

= 1−
∫ 3

0
e−x

[
−e3−x + 1

]
dx

= 1−
∫ 3

0
(e−x − e−3) dx

= 1−
[
−e−x − e−3x

]3
x=0

= 1−
[
−e−3 − 3e−3 + 1 + 0

]
= 1−

[
1− 4

e3

]
=

4

e3
≈ .199



Probability Density Function
A real-valued function p such that p(x⃗) ≥ 0 for all x⃗ and

∫
S p = 1

where S is the set of all possibilities.

Example 1 Uniform Density: p(x) = 1 on [0,1]

∫
S p =

∫ 1
0 1 = x

∣∣∣∣1
0

= 1



Example 2: p(x) = 2− 2x on [0,1]
More likely to choose small numbers than larger numbers

Problem: Find the probability of picking a number less than 1/2.

∫ 1/2
0 (2− 2x) dx = (2x − x2)

∣∣∣∣1/2
0

= (1− 1
4)− (0− 0) = 3

4

A probability density function on a set S in Rn is a continuous
non-negative real-valued function p : S → R1 such that∫

S pdV = 1
If an experiment is performed where S is the set of all possible

outcomes, then the probability that the outcome lies in a particular
subset T is

∫
T p(x⃗) dV .
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Example: The Bell Curve: The most important curve in
statistics

Start with y = e−
x2

2

Then y ′ = −xe−
x2

2 and y ′′ = (x2 − 1)e−
x2

2

Point of inflection at (1, 1√
e
) = (1, .606)

Need to find A =
∫∞
−∞ e−

x2

2 dx

Impossible to find antiderivative of e−
x2

2
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Need to find A =
∫∞
−∞ e−

x2

2 dx

A2 =

(∫ ∞

−∞
e−

x2

2 dx

)(∫ ∞

−∞
e−

x2

2 dx

)
=

∫ ∞

−∞

∫ ∞

−∞
e

−x2−y2

2 dy dx =

∫ ∞

−∞

∫ ∞

−∞
e−

x2+y2

2 dy dx

Switch To Polar Coordinates: A2 =

∫ ∞

r=0

∫ 2π

θ=0
e−

r2

2 r dθ dr

A2 = 2π

∫ ∞

r=0
re−

r2

2 dr = 2π lim
b→∞

∫ b

r=0
re−

r2

2 dr

= 2π lim
b→∞

[
−e−

r2

2

]b
0

= 2π lim
b→∞

[
− 1

eb2/2
+

1

e0

]
= 2π × 1 = 2π

Thus A2 = 2π so A =
√
2π
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∫ ∞

−∞
e−

x2

2 dx =
√
2π

To get a probability density, let p(x) = 1√
2π
e−

x2

2

This density is called the Standard Normal Density



Example: Suppose two numbers b and c are chosen at random
between 0 and 1.

What is the probability that the quadratic equation
x2 + bx + c = 0 has a real root?

Solution: Choosing b and c is equivalent to choosing a point (b, c)
from the unit square S with p(x⃗) = 1 ( Uniform Density)

Then
∫
S p(x⃗) =

∫
S 1 = area(S) = 1.

Now x2 + bx + c = 0 has solution x = −b±
√
b2−4c
2

For real root, need b2 − 4c ≥ 0 or c ≤ b2

4

Let T = {(b, c) : c ≤ b2

4 }∫
T p(x⃗) =

∫ 1
x=0

∫ x2/4
y=0 1 dy dx =

∫ 1
x=0

x2

4 dx = x3

12

∣∣∣∣1
0

= 1
12



General Exponential Probability Distribution

p(x) = λe−λx for x ≥ 0, λ > 0

Easy to Show:

∫ ∞

0
λe−λx dx = 1 so it is a probability distribution

Mean

∫ ∞

0
λxe−λx dx =

1

λ

Prob(Bulb life ≥ 3) = 1−
∫∞
3 λe−λxdx = 1 + e−λx

∣∣∣∣∞
3

= 1− e−3λ

Prob(2 lights have life ≥ 3) = e−3λ(1 + 3λ)
More than b hours: e−3bλ(1 + bλ)



What’s Next?
Calculus Along Curves

▶ Work

▶ Vector Fields and Line Integrals

▶ Arc Length and Weighted Curves

▶ Curvature and Normals

▶ Flow Lines and Differential Equations


